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By S, B. Batdorf and Bernard Budiansky 
A theory of plasticity based on the concept of slip is proposed 
for the relationship between stress and strain for initially isotropic 
materials in the strain4mrdening range. AB treated in the present 
paper, the theory is an exteneion to polyaxial stress conditions of 
the conventional uniaxial strees-atrain relation, and tims-dependent 
effects, such as creep and stress relaxation, a m  not coneidered. 
Previously existing theories can in general be classified into 
two groups, often called theoriee of plastic deformation and theories 
that for continual loading the state of strain is uniquely determined 
by the state of stress. 
that the increment of atrain ie uniquely determined by the existing 
stress and the increment of stress. 
additional assumptions concerning the orientation of the principal 
ares of plastic strain or of increment of plastic strain and concerning 
the nature of loading and unloading. 
Gf plastic flpv. k f o m t i m  tkeories a-3 kuaeeZ GTI t h e  asFLEtis=. 
Flow theories are  based on the assumption 
Theories of both types make 
The theory proposed is of neither tfie f l o w  nor the deformation 
type. Its fornnilation was guided mainly by physical considerations 
w i t h  respect to the assumedmechaniam of plastic deformation, namely 
slip. The new theory makes no use of the assumptions just mentioned 
in connection w i t h  flow and deformation theories; in fact, according 
to this theory, all these assumptions are wrong. 
The new theory is based on the assumption that slip in any direc- 
tion along parallel planes of any particular orientation in the material 
gives rise to a plastic ahear atrain which depends only on the history 
of the corresponding component of shear stress. The relation between 
this plastic shear strain and the corresponding streee can be determined 
framthe tensile atrese-etrain curve. The plastic strain due to any 
sy&m of applied stresses is then found by considering the history of 
the component in each direction of the shear stress on each plane of 
the material, finding the corresponding plastic shear strain, trans- 
forming this plastic shear strain into plastic strains in some fixed 
system of coordinates, and elrmmlng over all slip directions and slip 
plane orientatione. A semigraphicdl method is given for computing in 
this manner tlie strains associated with a given stress state. 
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The theory is aham to give results in better agreement than 
previousiy existing theories with data obtained in an experinient in 
which a cylinder was compressed into the plastic range and then twisted 
at constant conpressive strain. 
bat more theoretical and experimental investigations of the chazactez- 
istic differences between the new theory and previously existing 
thories are required before the evidence for or against the new theory 
can be considered conclusive. 
The theory therefore appears promising, 
A new theory is proposed for the relationehip between stress and 
strain for initially isotropic metals in the strain-dening range. 
The theory seeks to predict t he  plastic strain that would result from 
the application in any sequence of arbitrary combinations of stress 
and requires for this purpose only a knowledge of the untaxial strese- 
strain relation for the material. 
This theory is essentially quite different from the many theories 
of plasticity that have previously been proposed. 
(reference 1) that existing theories of plasticity may in general be 
classified into two types: 
Both types of theory assume that the relation between stress and strain 
is governed by one law during loading and by another law (the elastic 
law in incremental form) during unloading. Loading aqd unloading are 
defined in terma of the increase or decrease of some Gotationally 
invariant function of the stresses, those most frequently used being 
the maximum and the octahedral shear stresses. The two types of theory 
differ chiefly in that deformation theories propose laws giving plastic 
strain in terma of applied stress; whereas flow theories propose laws 
giving increments of plastic strain in terms of applied stress and 
increments of applied stress. 
a88umed to have no effect on strain in defomation theories or on 
increment of strain in flow theories. 
to be in the nature of plausible postulates made to facilitate the 
mathemtical formilation and subsequent analysis of the vmious 
theories rather than physically evident or experimentally verified 
Pacts. Moreover, it is characteristic of both flow and deformation 
t'neories that the laws are proposed by means of equations having forma 
that are m3re or less arbitrary, which therefore intraduce additional 
assumptions of uncertain validity. For example, in theories of plastic 
flow, the equations proposed are such that the principal axes of stress 
and of increment of plastic strain are assumed to coincide. 
other hand, deformation theories assume,coincidence of the principal 
axes of stress2and plastic strain. 
deformation theories, it is entirely possible that neither type of 
theory is correct. 
It has been recognized 
deformation theories and flow theories. 
Thus, the previous loading history is 
These basic assumptions appear 
On the I 
Consequently, althea considerable 
difference of opinion exists concerning the relative merits of flow and ' b 
. .  
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The present theory is of neither the flow nor the deformation type. 
Unlike most theories proposed to date, its formulation was guided mainly 
by physical consideration8 with respect to the mechanism of plastic 
deformation. 
discussed in connection with flaw and deformation theories; indeed, 
according to this theory, a l l  these assumptions a m  wrmg. 
The present theory involves none of the assumptions just 
This paper presents the essential features of the new theory and 
seeks to establish ita claim to serious consideration by showing its 
marked superiority to previously existing theories in account* for 
the data obtained in one of the m r e  crucial types of plasticity 
experimsnt . 
SYMBOIS 
Q solid angle, used to describe orientation of slip 
planes, steradians 
B angular coordinate g i v h g  direction of dip, radians 
U direct stress 
uL 
T 
direct stress at which plastic deformation begins 
ahear strbss 
TL 
E 
E" 
shear stress at which plastic deformation begins 
t o t a l  direct strain 
0 
plastic strain 
Y total Shear strain 
Y" plastic Shear strain 
=, Y, z rectangular coordinates; used also as subscripts in 
connection with stress and strain to denote 
particular components of these quantitiea 
1, 2 direction of normal to slip plane and direction of- 
slip, respectively 
characteristic shear function for material, giving 
plastic shear strain per steradian of slipplane 
orientation per radian of slip direction as a 
function of shear stress 
. F, +I*) 
Id, Zyl,...ZZ2 cosines of anglee between x and 1, y and 1, ... 
z and 2 directions 
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a, coefficient of nth term in ser ies  ezpansion f o r  F 
function giving variation of plast ic  strain with 
applied stress in uniaxial cnmpressian or tension, 
corresponding t o  nth term of series expaneion for F 
- n1, % unit  vectors in 1 and 2 directions, respectively 
1, 3, k unit  vectors in  the I, y, and z d i r e c t i m ,  - - -  
respectively 
unit vectors having directians indicated in figure 8 - - -  m, P, Q 
polar coordinates used t o  specify orientation of s l i p  
p b n e  (see fig. 8) 
The uniaxial stres&rain behavior assumed in the present analysis 
is the s l ight ly  idealized one usually adopted: f o r  engineering purposes. 
The stress-strain curve f o r  first loading is represented by in 
figure 1. The straight part  of t h i s  c m e  OA is  called the e las t ic  
range, and the point A is called the e las t ic  limit. If the load 18 
removed before the stress exceeds the e las t ic  l i m i t ,  the material returns 
t o  its original state at 
on the other hand, the stress i s  increased t o  the Value at point 
then is removed, the s t r eees t r a in  relationship during the unloading 
process is that given by the dashed l i ne  BO'. The llne BO' has the 
eame slope as the line 
behaves elast ical ly  except that it has undergone permanent plast ic  strain 
given by 00'. Upon subsequent loading, the point representing the 
s ta te  of the material stays on the dashed l ine  un t i l  it reaches 
then, as the load f'urther increases, continues along the original path 
toward C. AdditinnR7 unloading6 and loadings follow the same pattern 
of unloading along a line parallel  t o  OA and loading along the aame 
l i ne  u n t i l  the stress-etrain curve of the original material is reached. 
A t  any stage of the loading history Just described, the strain may be 
.considered t o  be the sum of an elastic pest related t o  the stress by 
Hooke's l a w  and a plast ic  part determined by the highest value of the 
stress occurring up t o  the time under consideration. 
OABC 
0, 'and there is no permanent deformation. If, 
B and 
OA .so that during the unloading t h e  material 
B and 
The l a w  of plast ic  deformation t o  be poetdated 1s in accordance 
with the uniaxial  behavior Just described. 
da t e  the material is assumed t o  have identical etress-strain curves in 
tension and compression. The effect of reversal of loading u?on the 
plast ic  behavior is not treated in  t h i s  paper other than t o  s ta te  i n  
p e e i n g  that the theory i s  flexible enough t o  be adapted t o  materiale 
With a Bauechinger effect. 
In i t s  original unstressed 
A s  in the unlaxlal case, time-dependent 
d 
4 
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effects, such as creep, elastic recovery, and the effect on the stress- 
drain c m . e  of rate Of lod ing ,  are neglected. 
Physical considerations.- Slip lines are c m  obsemed in metals 
undergoing plastic deformation. 
some metals, slip is the principal mechanism of plastic deformaticm, the 
present theory was formulated in such a manner as to incorporate the 
main features of this phenamanan. 
On t h e  asmuuption that, at least f o r  
Theee features are now reviewed. 
When a metal crystd is subjected to a mal l  ahear stress, it under- 
goes elastic &ear deformation. (See fig. 2.) ~e the  stress increases 
beyond a certain limiting value, ana33 blocks of the crystal ccamnence to 
slide with respect to each other along crystallographic planes called 
Blip planes. As t h e  displacements increase, the sheas etress required 
to produce further deformation also increasee. 
ment at any time is the sum of the elastic ahem in the  crystal block6 
and the shear displacement due to slip between neighboring blocks. 
When the stress is removed, the elastic campanant vdahes,  but the 
displacements due to slip remain as a plastic strain. 
between applied ahear stress and total shear strain f o r  repeated loadlng 
and unloading is similar to that described f o r  uniaxial tension and 
illustrated in figure 1. 
found to be substantially independent of the normal stress and slip 
occurs only along certain preferred directions ~n t he  slip plane. 
reference 2. ) 
The total shear displace- 
The relationship 
The ahear strese required to produce slip is 
(see 
Accordingly, in the theory, t he  follarlng assumptiom m e  made: Auy 
atrain i s  the sum of an elaatic strain and a plastic strain; plastic 
strain is composed solely of shear deformations due to slip; these ahear 
deformations are uninfluenced by normal presswee; the plastic shear 
deformstion resulting f r o m  slip in any direction in a plane of any 
given orientation depend6 only upon the history of the ccmponent in the 
direction of slip of the shear stress on this plane; and the total 
plastic strain is simply the sum of all t h e  slip deformations that have 
occurred. 
occur, the dependence on the aforementioned previous history becomes 
siruply a dependence an the highest previous value of t h e  ahear-stress 
component in question. 
If t h e  stress history is such that reverse slip does not 
Mathematical formulation of the theorgo- Although a macroscopically 
isotropic metal is actually an aggregate of t lq  crystals, it is 
customary and convenient to formulate its -stresmtrain relations as 
though it were a continuum, Accordingly, instead of considering a mall. 
s l i p  along each of a large number of discrete planes, the theory 
contam@xtes an infinitesimal plastic shear strain associated with 
each infinitesimal fraction of the continuum comprising all possible 
planes. 
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It is  convenient t o  represent the orientation of a particular plane 
by the coordinates of the point at  which it would be tangent t o  a hemi- 
s2here. The radius t o  the point of tangency is the normal t o  the plane. 
The axis 1 shown i n  figure 3 is taken in the direction of the normal t o  
the plane, and the axis 2 denotes a particular directian of s l i p  in the 
plane. 
included i n  the solid an&e GIB, and an infinitesimal band of s l i p  
directions may be represented by d$. 
s l i p  along the planes dfl, in t he  increment dp of s l i p  directions, 
produces an infinitesimal plastic shear s t ra in  dyu"  associated with 
the 1,2 axas that is  given by 
An inf'initeaimal band of planes may be represented by the normals 
The theory postulates that the 
where F is a function depending only on the  history of T , the 
shear stress i n  the 2 direction on the plane perpendiculeh2to the . 
l e i s .  
The contribution of t h i a  infinitesimal shear strain t o  the strains 
in the  standard x-, y-, and 
direction cosines of the 1-6 and 2-aris. 
z-es is readily written in term8 of the 
Thus, 
dEzn. = 2,12,2 dY, n c 
In order t o  find the t o t a l  p l ss t ic  etrains In the etaniiwd exes, the 
effects of the plast ic  s h a m t r a i n  increments must be intepahed over all 
I-(*- 
- 
. 
7 
. . . . .  
where H denotes the entire hsmisphere. (The alip-lirection incremmt 
is integrated through 180' to include all possible directions only once.) 
ZP the applied stresses are given in t he  Btandard coordinate system 
as ux, us, . . . T ~ ~ ,  the shear Btrees T~ is given by 
lb order to evaluate the total plastic strains as given by 
equations (31, analytical expressions for the direction cosines must 
be used. 
coordinate 8. 
Appendix A contains such expressions in a system of spherical 
Characteristic shear function.- It follows framthe previous 
discussion concerntng slip that, if T~~ is gradually increased, the 
function F must remaln zero until a limiting value 71, is reached. 
This limiting value is  evidently equal to ane-half the elastic limit 
in p r e  tension (or compression) since in a tension test the m ~ ~ L r m u n  
&ear streea is one-half the applied uniaxial stress. 
value, F varies w i t h  T~ in a manner characteristic of the material 
% 
Beyond this 
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and is referred to hereinafter a8 the "characterietic shear function" 
and the  corresponding curve, as the "characteristic &ear curve." 
(see fig. 4.) 
The characteristic sheas curve can be determined fram the etres- 
strain curve for the material in the following manner. 
shear function F is expanded into the series 
The characteristic 
.which is then substituted into equation (3).  
tensile strain can be shown to be given by 
The resulting plastic 
where t h e  functions $1 do not depend on the material under considera- 
tion. A set of these functions for the case XV = 5 has been evaluated 
by the method described in appendix B over a range of stress extending 
up to 1.8 times the elastic limit stress. The results are tabulated in 
table 1 and are ahown graphically in figure 5. 
The determination of the characteristic shear function corresponding 
to a particular stres-train curve by meam of the g-functions ie 
quite simple. Equation ( 6 )  is written f o r  o/uL equal to 1.1, 1.25, 
1.4, 1.5, and 1.8; table 1 is used to obtain the numerical values of 
the @unctions at the corresponding strain in each case. 
gives five linear algebraic equations for determining the five unJmown 
coefficients 
then aubstituted into equation ( 5 ) .  If t he  etreee-strain curve is not 
known to a streas as high as 1.8 times the elastic limit stress, either 
fewer equations and fewer g-functions or interpolated values of the 
g-functions mat be used. 
This procedure 
al, 9, . . . 9. These values of t h e  coefficients are 
Applicatian of theory.- Once the characterietic &ear curve has 
been obtained, it is only necessary to apply equations ( 3 )  a d  (4) to 
obtain the plastic strains resulting from a given sequence of str3sses. 
The TU used to m u a t e  F 18, as indicated previously, the largest 
value of this Eltress which has occurred fo r  each particular choice of 
directions 1 and 2 dmlng the history of the loading. 
difficulty is involved in evaluating the integrals analytically, the 
use of approximate mathode is advisable, 
mphical method of evaluating the required integrals for any plane- 
etreee condition. 
Because serious 
Appendix C descrlbes a s a -  
The method provides 8 straightforward procedure for 
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the calculation of st rains  vith accuracy sufficient f o r  enginaer-lng 
purposes . 
In  ?nost of the eqerimants +,hat have been perforvled t o  t e s t  thsories 
of plasticity,  the r a t i o s  snd directions of the principal stresses havz 
been constant throughout the loadins. I n  general, such ex_oerimsnts f a i l  
t o  d i s t i x u i s h  sharply between the various theories, and i n  particular do 
not provide any basis f o r  choosing between flow and deformation theories 
(references 3 and 4) . 
A more crucial type of experiment was performed by Roger W. Peters 
and Norris F. Dow at the Langley Laboratory of the NACA. 
ment, a thin a l - m o y  cylinder was compressed into the plast ic  
range and, with the compressive s t ra in  held constant, was then twisted. 
During the twisting process, the compressive s t ress  decreased. After a 
ahear stress of nearly 12 ksi had been applied, the shear s t ress  and 
then the campressive stress were removed. 
In t h i s  experi- 
In order t o  f ac i l i t a t e  comparison between the experimental data 
and the predictions of various p las t ic i ty  theories, the experimental 
stresses were adopted as the prescribed conditions and the corresponding 
s t ra ins  were computed. 
and the result ing plastic compressive s t ra in  are shown as solid curves 
in figure 6. 
throughout the twisting process. 
would be expected on the basis of conventimal theories. Consider, f o r  
example, the dashed curve representing constant octahedral shear s t ress  
in figure 6. 
etresses lower than tbat at the beginning of twisting, and the region 
above the cum8 corresponds t o  higher values of the octahedral shear 
stress. 
octahedral shear stress shows that the octahedral shear s t ress  was 
decreasing during the ea r ly  stages of twisting and did not increase 
above the highest previous value unt i l  the  applied shear s t ress  exceeded 
8.6 k s i .  On the assumption that after unloading, pla6tic action is not 
reamed until the highest previous value of the loading function is 
exceeded, octahedral-ahear theories would give zero plast ic  s t ra in  up 
t o  a shear s t ress  in excess of 8.6 ksi, and similarly maxbmm-shem- 
stress theories would predict zero plast ic  strain up t o  a shear s t ress  
of about 5 ksi. The present theory, on the'other hand, predicts plast ic  
action throughout the twisting process, because even when the maximum 
shear was decreasing in magnitude, i t s  orientation was being changed and 
new and udmrdened planes were being subjected t o  high ehem et, -esse8 
' 
The stress combinations applied during twisting 
It is evident f r a m  the figure that plastic action continued 
This behavior is contrary t o  what 
The region below t h i s  curve COrr~SpOndS t o  octahedral shear 
Comparison of the strese-history curve and the curve of constant 
Figure 7 shows that the present theory is not only qualitatively 
but also q-xantitatively in rather satiefactory agreement with the t e s t  
&ta, in any event in mch better agreement than conventional theories. 
I 10 NACA TN No. 1871 
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The total plastic compressive strains, computed by the present theory 
values by 6 percent and 9 percent, respectively. 
the present theory predicts an almost constant total compressive strain 
in agreement with experiment. 
predict the elastic relation up to an applied shear stress of 8.6 ksi 
and the maximum-shear theories, to an applied shear stress of about 5 ksi. 
The predictions of these theories at higher applied shear stresses have 
not been plotted because there appears to be no general agreement as to 
the proper way to apply them in the case of second loading. 
at shear stresses of 6.3  ksi and 11.8 ksi, were below the measured e 
AB the figure indicates, 
The octahedral-shear theories would 
The possibility existe, of course, that new flow or deformation e theories might be devised using a new stress invariant that would increase 
continually during the loading sequence accompanying twisting in the 
experiment just described, and it might at first be suspected that the 
theory of the present paper is perhaps a flow or deformation theory 
employing such a loading criterion. 
can be seen by considering an experiment in which a state of pure ternion 
in the plastic range is maintained approximately canetant in magnitude 
while being rotated in direction. (See reference 4.) According to both - 
flow and deformation theories, if the magnitude of the pure tension 
decreases slightly during rotation, no plastic deformation can occur. 
acquire large- shsm stresses during the rotatian, and plastic deformation 
occurs. 
theories predict the increments of the strains for continual loading on 
t h e  basis of only  the corresponding incremants of stress and the state 
of stress immediately prior to application of the stress increments; 
whereae the present theory requires for such a computation a knowledge of 
the entire previous stress history so that the extent and nature of the 
hardening of each plane can be determined. 
The fact that this is not the case 
According to the present theory, however, new and unhardened planes 
1 
Moreover, by definition (reference 3 ) ,  deformation and flow 
Previously existing mathematical theories of plasticity can generally 
be classified into two types, often called flow and deformation theories. 
Both types of theory are constructed largely on the basis of mathematical 
considerations and involve a number of arbitrary assumptions of uncertain 
Validity. 
deformation type but constitutes an entirely different approach to the 
problem of plastic behavior, its formulatian being guided mainly by 
physical considerations witli respect to the assumed mechanim of 
plastic deforsation, namely slip. 
The theory proposed herein is of neither the flow nor the 
Test data obtained in one of the m r e  crucial types of plasticity 
experiment are found to be in decidedly better agreement with the present b 
theory than with previously existing theories. The experimental data 

APpEADrX A 
DZEtIVATIOI'? QJ? TRAXSPOIZMATIOIV EQUATIONS IEJ SPHERICAL COORDINATES 
In order t o  f ind the ahear etress in a given s l i p  plane due t o  a 
se t  of applied stresses as well as t o  perform the integrations required 
t o  determine the corresponding plastic strain, analytical expressions 
for  certain direction cosines used in the analysis should be obtained. 
Such expressions are now obtained f o r  a poltuwzoordinate system in 
which the z-is is chosen as the polar axis. Because the plas t ic i ty  
theory under consideration makes use of only two directions -namely, 
the direction of s l i p  within the s l i p  plane and the normal t o  the 
plane - cmly the cosines of these directions are derived. The corre- 
sponding unit  vectors El and 5, as w e l l  a8 the u n i t  vectors +, r, k, m, p, and are identified in figure 8. - -  - 
The direction cosine8 Z d ,  Zr1, . . . 2,, are  simply the components 
of the unit  vectore E l  and E2 in the I, y, and z directions. 
ThU8 , 
1 
This resolution of the vectors may be brought about in a succession of 
easy etages as follows: 
Fram figure 8 
Fram equations (A2) and (A3) 
- - 
nl = i sin a COB g + Tcos a COB +k sin 8 
Similarly, from figure 8 
and 
\ 
- -  - 
m = k c o e @ - p e i n $ 4  
q = -i COB a + F a i n  a - - 
13 
eq.tim8 (MI, (MI, and (A71 
- - 
% = i(c0e a sin j3 - B i n  a COB p sin $4) 
+ T(-ein a sin p - COB a COB p a i n  $4) 
+ iF cos p cos $4 (a) 
From equations (All, (Ab), and (A8) the expressions for the direction 
cosines =e identified as follows: 
2 f l =  sin a COB $d 
I 51 = cos a COB $4 2,l = B i n  $4 
(A10 I 'Ila = COB a sin p - B i n  a COB p B i n  $4 = *in a B i n  j3 - COB a COB p B i n  $4 2s2 t,, = COB p COB $4 
Substitutian of the values for Zfi, Zyl, tZ2 frum equations (Ag) 
and ( A l O )  in equations (4) and (2) of the text leads, after sam manipula- 
tion, t o  the following results: The c q o n e n t  in the direction Q of 
the ahear strese in the plane normal t o  
stresees 
E l  due t o  the appl icat im of 
is given by 
TYZ ax, us, . 
+ 1 I3 (*in 2a B i n  j3 COB $4 - cos2a COB j3 B i n  28) 
+ $ a,(ein 28 COB p )  
2 Y  
I 
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The characteristic ahear function for a material may be conveniently 
determined f r o m  the uniaxial stress-etrain curve for the material. IY 
the z-is is t he  axis along which stress is applied (see fig. 8), 
equation8 (31, (Ag), and ( A l O )  cambine to give for the corresponding 
plastic strain 
This integration is performed over the hemisphere in front of the x,y plane 
and, since axial symmetry exists,  dil is taken equal to 2n COB $$ dg. 
The characteristic ahear function F is erpanded into the series 
for T~ 2 TL. For T= < T ~ ,  the characteristic shear function is zero. 
Caneequently, when the value of F 
into equation (Bl) the integration should be carried out only over the 
regions where 
f r o m  equation (B2) I s  substituted 
T= 2 T ~ ,  or 
because for uniaxial tension 
and 
UL 
‘L = 2 
16 NACA TN No. 1871 
From the use of equations (B2) to (Bh), equatios (Bl) became8 
where 
t = 28 
1 
s sin t 'ii = cos-1 
. 
a$ at 
Th integration with respect to j3 in equation (B6) can be carrIaU out 2 
analytically and leads to the following result: 
where 
NACA TN No. 1871 
and 
q1 = cos 8 sin tb 8 sin t(T t sin 5 cos 3 )  - sin?] 
- s sin t(‘ii + sin 5 COB $) + sin f3 “I 
=: cos 4 sin t 8 sin t (F + sin 5 cos a@ s2sin2t + 2) q3 2 [ 2 
= cos 4 sin t 8 sin t@ + sin cos 3) -2 848in4t 
3 2 [ G 6  
The i n t e s a t i o n s  in equations (B8) have been carried out numerically 
fo r  the case lV = 5 f o r  values of u,/uL equal t o  1.1, 1.25, 1.4, 
1.6, and 1.8. 
f i f t hdegree  curves passing through the first s ix  and last six points 
corresponding t o  11 values of jl! a t  each s t ress  level,  seven decimal 
places being retained duringthe computations. 
given in table  1 and a r e  shown graphically in figure 5. 
The integrations were performed by finding the area under 
The resu l t s  obtained a m  
- I  
I 
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mmlx c 
A =OD OF D-G PLASTIC STRAlXS ASSOCIATED 
A s  indicated in equations ( 3 )  of the text, the theory gives plast ic  
strains in terms of t r i p l e  integrations. Because these integrations would 
prove quite formidable if treated analytically, consideration has been 
given t o  approximate methods. 
graphical one designed t o  f ac i l i t a t e  the cnmputatian of plast ic  stralns 
associated with plane stress. 
The method now t o  be described is  a semi- 
The system of plane stress is  assumed t o  act  in the x,y plane, 
and the hemisphere on which t L e  directions of the s l i pp lane  norsale 
are measured is  taken abme the x,z plane. 
t o  be divided by l ines  of constant a and constant 6 into elements of 
equal mea, the pro3ections of which on the x,y plane are i l lust rated in 
figure 9. 
denoted by a system of subscripts as indicated in the figure. 
coordinates (%,u of each elament of area w e n  calculated and are 
l i s t e d  in table 2. 
This hemisphere is considered 
The elements of area on the front half of the hemisphere are 
The m3an 
In order t o  f ind the shear st ress  T= in the plane tangant t o  the 
gemisphere a t  the point (%,&), equation ( A l l )  is written i n  the form 
U - qb sin 13 + cos s> 
uL 
where 
= sin 2% cos & 
Bmp = sin*., sin 2pln 
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= c o s 2 5  sin 2& (c4) 
= cos 2% cos & (c5) 
= sin 2% sin 2k (C6 1 
i 
I 
The numerical values of these coefficients are given in table 3. 
The contributions of the plastic shear deformation arising from the 
slip in planes tangent to the part  of the hemisphere in the m,nth element 
of area to the plastic strains measured in the system of coordinates 
used to specify the applied strasses are given by a similar reformulation 
of equations (~12): 
(d~~'')~ = - $(d7~")m(p.apl sin p + Cmn cos $) 
Equations (C7) to (C9) make use of the assumption, later to be employed 
also in applying equation (Cl), that all planes tangent to the part of 
the hemisphere in any rectangulm element of area may for computational 
pwposes be regarded as concentrated at the mean Coordinates of the 
element. 
The values of the shear-stress component 712 at point (m,n) in the 
directions p = Oo and p = 90' are computed by using equations (Cl). 
These components are then plotted at right angles from a common origin 
and a circle is drawn through the origin and two ends. 
The diameter drawn fromthe origin then represents the magnitude and 
direction of the sheas streas in the mynth plane, and the chords drawn 
from the origin in other directions represent the components of shear 
stress in those directions. 
(See fig. lO(a). ) 
A circle is then drawn about the origin with a radius corresponding 
According to the to the elastic-limit shear stress, as in figure 10(b ). 
theory, shear deformations a r e  associated with each direction in which 
the shewtress component exceeds the elastic-limit shear stress, the 
amouzlt of shear deformation in any direction depending on the amount by 
which the corresponding she- tress component exceeds the elastic-limit 
heas stress. 
D 
In BLumning the contributions ,i" the dlfferent directions, only 
discrete directions separated by 9 , as indicated by radial lines in 
figure 10(b), are considered. 
directions i o  given by 
The she- strain in each of these 
and is found by using the she-tress component in that direction and 
the characteristic shear curve f o r  the material, 
ence t o  equations (C7) t o  ( C 9 )  shows that the products of t h i s  strain 
with s in  j3 and with cos B must then be found. The summation over 
the various directions of s l ip  (direction 2 )  may then be carried out; 
this procedure correaponds t o  performing the integration over P in 
equations ( 3 ) .  
(See f ig .  4.) Refer- 
The operations of finding the plast ic  ahear deformation in each 
direction and multiplying the result by sin P or  by cos P may 
conveniently be carried out in a single step by the use of a master 
chart of the type shown in figure ll. 
considered are plotted values of 
This chart is simply f i t t e d  over figure lO(a), which represents the 
s t ress  state,  and the valuee of F cos j3 m e  read off directly (see 
f ig .  12 )  and added in order'to perform the integration over The 
value of t h i s  BID is then multiplied by the appropriate coefficient, 
determined from equation (C7), (~8), or (Cg), and table 3. 
values of F s in  fl may be obtained in the same manner by ro ta t ing  
the master chart through 90'. 
each point (m,n) at wbich the ahear s t ress  on the tangent plane 
causes plastic sheax deformation. For plane+tress systems symmetry 
exists between the front and rear halves of the hemisphere; thus, 
" are found by adding the t o t a l  plast ic  strains E ~ " ,  cy , and rv 
up the corresponding strains computed on each sheet associated with 
the f ron t  half of the hemisphere and by multiplying by 2, 
Along each radial  direction 
F cos j3 f o r  the material being used. 
j3. 
The 
A different work sheet i s  used f o r  
I1 
A t  first sight t h i s  method of integration appears quite formidable 
because the front of the hemisphere is divided i n t o  200 elements, which 
would appear t o  require 200 work sheets. In practice, however, it is  
found that  ordinarily many of the  elemnts  (m,n) make no contribution 
t o  the plastic deformation. 
s t ress  s ta te  considered are often auch that only a quarter o r  sometimes 
only an eighth of the hemisphere needs t o  be considered. 
Ln addition, the symmetry properties of the 
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1.25 
1.40 
1.60 
1.80 
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1 
2 
3 
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5 
6 
7 
9 
10 
a 
4.5 
13.5 
22.5 
3 . 5  
40.5 
49.5 
58.5 
67.5 
76.5 
85.5 
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i 
2.9 
8.6 
14.5 
20.5 
26.8 
33.4 
40.6 
48.8 
58m6 
92.a 
a Taken one-third of way from boundmy 
of trianmrlar element to Dole. 
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.466 .587 .651 
.590 .744 .824 
.368 .464 -514 
,209 .264 .293 
1 
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3 
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5 
6 
7 
8 
9 
10 
3 1 2  11  
4 
0.073 
. a 6  
.352 
.477 
.585 
. a 9  
.n9 .m 
-646 
.4l2 
1 
0.099 
.295 
.482 
-653 .em 
.m4 
.983 
.985 
0883 
.%3 
2 
0.094 
.28l 
.458 
. 6 u  
.761 
.M9 
0935 
.937 
.a40 
.535 
3 
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*253 
.414 
.560 
,687 
.7& 
.846 
.759 
.483 
5 
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.172 
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.465 
. 5P  
.5T2 
.573 
.514 
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,036 
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10 
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,002 
.003 .a 
.w 
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.006 
.006 
0 0 0 5  
,003 
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.=5 
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,277 
339 .* 
.417 
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375 
0239 
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. a 3  
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
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1 
2 
3 
4 
5 
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7 
8 
9 
10 
- 
La1O 
3.008 
.@3 
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.W 
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.070 
.044 
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- 
2,9 
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.UO 
.149 
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209  
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.200 
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Figure I. - Uniaxial stress-strain relation. 
Plastic shear strain 
T 
Figure 2.- Slip in single crystal (schematic). 
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I 
Figure 3.- Vectors normal to plane of slip and 
in direction of slip. 
. 
Figure 4. - Choraeteristic shear function (schematic). 
-4 
4 
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. 
Figure 5.- Variations of tensile plastic stroin with 
applied tensile stress corresponding to vonous 
terms in series expansion for characteristic 
shear curve. 
32 
a; 28 ksi 
24 
Plastic compressive 
- Stress history 
X 1 0 - ~  
€" 
r, ksi 
Figure 6.- C'ompressive stress and plastic compressive 
strain measured during twist of cylinder at 
constant total compressive strain. 
35 - 
Compressive 
Compressive strain 
Figure 1- compressive stress-strain relations for cylinder subjected first 
to compression (Oq, and then to torsion at constont compressive 
strain (AB), followed by removal of torsion and then compression. 
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Y 
Figure 8. - Coordinate system used for analytical 
representation of direction cosines. 
0 
Figure 9.- System for classifying slip planes by means 
of plane orientation (schematrc). 
.. 
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F Iqure 11.- Master chart for rapld evaluation of F(r,,)cosB and F(r,,)slnB. 
33 
Figuro 12.- Master chart fittod o w  shear-strmr diagram 
( f 1 g. IO (a) ) to permit direct reading of F(r,,)corg . 
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